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Graphs are provided for the normalized impedance of center-driven cylindrical dipole 
antennas when immersed in air or in a dissipative medium. The electric half-length ranges 
from 1 to 100 for dipoles in air and from 1 to 19.7 for dipoles in a dissipative medium. Three 
ratios of radius of the antenna to wavelength have been used. The properties of the medium 
are expressed in terms of the ratio a/(3 in the range from zero to one where and a are, 
respectively, the real and imaginary parts of the complex propagation constant k. 



1. Introduction 

Antennas completely immersed in a dissipative 
medium that is characterized by the constitutive 
parameters a, e, and jjl have been a subject of interest 
for many years. Most investigations were concerned 
primarily with the electromagnetic fields of idealized 
dipole sources and a very extensive literature exists 
on this subject. Studies of the circuit and field prop- 
erties of insulated antennas [Moore, 1951] have been 
based on a transmission-line approximation that is 
useful for media that are rather highly conducting so 
that (a/co€)>>l. The distribution of current and 
the impedance characteristics of center-driven bare 
antennas of half-length h and radius a have been 
reported specifically for the electrically short antenna 
[King, Harrison, and Denton, 1961] with /3b<0.3, 
< (c/coe) < oo ; and for the half-wave dipole [King 
and Harrison, 1960] with ph=ir/2 } <(a/ue) <0.4. 
Approximate formulas have also been obtained 
[King, 1962; King and Iizuka, 1963] for cylindrical 
antennas in the ranges /3/k<V, < (cr/coe) < °° . 

Extensive investigations of the circuit properties 
of electrically long antennas have been concluded 
recently. These include a theoretical study by T. T. 
Wu [1961] which provides an asymptotic formula, 
derived by the Wiener-Hopf method, for the imped- 
ance of a long cylindrical antenna center driven by a 
delta-function generator under the very general con- 
ditions, (a/A)«l, (a/X)«l, /3A>1, < 0/coe) < oo , 
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and a complete tabulation of the impedance for four 
values of a/\ in the range 1 <fih<30 when a=0. 
Analytical difficulties associated with the idealized 
generator have been discussed in detail [Wu and 
King, 1959; King and Harrison, 1960, and King, 
1962]. A careful series of experimental measurements 
of the impedance of long antennas in air [Iizuka, 
King, and Prasad, 1963] (which takes full account 
of terminal-zone effects and the relationship between 
impedances measured with an actual transmission 
line and those computed for a delta-function gen- 
erator) confirms the accuracy of the theoretical 
results when f3h>ir and shows them to be useful 
approximations even when ph is as small as 1. 

2. Antennas in Dissipative Media 

Since no complete quantitative data have been 
published of the impedance of bare antennas in 
dissipative media in the range l</3h<c° , 
< (c/coe) < oo extensive computations have been 
made from Wu's formula. The purpose was to 
provide quantitatively useful information on the 
properties of antennas with a wide range of lengths 
and diameters when immersed in media ranging 
from air (e r =l, a=0) through dry earth (e r ^4, 
o-~10~ 5 ), moist earth (e r ^10, <r~10~ 3 ) to salt water 
(€ r ^'80, <7~4). Such information has obvious appli- 
cations to subsurface communication, to the study 
of the properties of dissipative media, and to the 
theory of ground systems in general. Although 
the results apply specifically to an infinite medium, 
the impedance of an antenna is determined primarily 
by the adjacent medium especially when this is 
even moderately conducting. It follows that the 
impedance of an antenna in moist earth or salt 
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water near an air interface is well approximated 
by the impedance of an antenna in an infinite 
medium if the distance to the surface is not too 
small. Measurements to determine the effect of 
such an interface will be reported in another paper. 
Wu's formulas for the admittance Y=G—iB 
and the impedance Z=R—iX (for a time dependence 
e'*"*) are [Wu, 1961] 



where 



<7=- 



Z wfj. 



1 (2T-T') sin kh-(2S-S') cos kh 

2 T cos kh+S' sin kh 

U=-i(A 2 -A 3 ). 
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The following quantities are involved in the defini- 
tions of C and U: 
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S=4(-4 1 +J,+^8), S'=J-(-A+^2 + ^3) (13) 



1 . 



T=^i(-A 1 -A 2 +A 3 ), T'=-i(-A x -A' 2 +A' s ). (14) 

The complex propagation constant of the medium 
in which the highly conducting antenna is immersed 
is given by 



Kq — 



VWo , p- 



cce e r 



(16) 



Note that k is the propagation constant for free 
space and p is the loss tangent of the medium. The 
phase constant and attenuation constant a are 
conveniently expressed in terms of the real and 
imaginary parts of the function 



where 



(17) 



k=p+ia=ine(l+ip)=ko*\in r e r (l+ip) (15) 



-y/l±ip=f(p)±ig(p) 
/(pHcoshr 1 (i sinh-^^yi (VT+P+l) (18) 

fi f(p)=sinh- 1 (|sinh- 1 p)=^ (a T+?-l). (19) 

These functions are readily available in the literature 
[King, 1945; Gooch, Harrison, King, and Wu, 1962]. 
With (18) and (19) the real and imaginary parts of 
k are 

(20) 
(21) 

(22a) 



a =0, p=k . 
Owing to the complex intrinsic impedance 



co a 



where 
and 



k A(l -ia/P) 
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(22b) 



which is a coefficient in the formula (1) for the ad- 
mittance, it is not possible to provide universal curves 
of the impedance of antennas in dissipative media 
with ph as variable and a/\ and a//3 as parameters in 
the manner familiar for antennas in air. The most 
general form in which the admittance and impedance 
can be presented is 



Y/A = G/A-iB/A, ZA=RA-iXA 



(23) 



where the normalizing factor A is given in (22b). 
For antennas in air, A=l; for antennas in perfect 
dielectrics <r=0 so that p=0 and f(p)=l and A = 
■yJe r /iJL r . When cr?^0 the actual impedance may be 
obtained from the normalized value ZA by dividing 
by A as evaluated from (22b) with the aid of the 
tables [King, 1945; Gooch, Harrison, King, and Wu, 
1962] of j(p). 

Normalized admittances and impedances have 
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been computed for antennas with three different 
radii, viz, 



pa 

2tt" 



=0.001191, 0.003175, 0.008496 



where X is the wavelength in the medium. The 
electrical half-lengths in dissipative media range 
from ph=l to ph = 19.7. The properties of the 
medium are expressed in terms of the ratio a/P = 
g(p)/f(p) in the range from a/ 13 = (air) to a/p=l 
(salt water). The results of the computation are 
contained in the three families of impedance curves 
shown in figures 1, 2, and 3 for the three values of 
aj\. They are available in complete tabular form 
in Gooch et al. [1962]. A short list of impedances is 
in the table. The effect of increasing the dimen- 
sionless ratio a/P on the resistance and reactance of 
an antenna as it is made longer is brought out very 
clearly in these figures. Note the rapid decrease in 
the antiresonant resistances near ph=mr with n 
integral as a/P is increased. This is shown best with 
ph near t in passing from the peak at A for a/p = to 
that at / for a/p = l. In figure 1 it is evident from 




Fig. 1. Normalized resistance and reactance of dipole antennas 
in air and in dissipative media. 
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Fic. 2. Normalized resistance and reactance of dipole antennas 
in air and in dissipative media. 
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Fig. 3. Normalized resistance and reactance of dipole antennas 
in air and in dissipative media. 



curves F that with a/p=0.2, RA and XA are essen- 
tially independent of further increases in length 
beyond ph=12, from curves 6 with a/P = 0A this 
independence of length is seen to begin near (3h = Q, 
from curves H with a/ ft =0.7 the independence begins 
at ph=3. Finally for curve / with a/ (3=1 the 
impedance hardly changes for lengths greater than 
ph=2. It may be inferred that the current is 
negligible in those extensions of the conductor that 
have no effect on the impedance. 
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Short table of the normalized impedance of a dipole in a dissi- 
pative medium ZA = RA — iXA for a /\ = 0.003 175 



/8ft = 1.5708 
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3. Very Long Antennas in Air 

A more complete range of impedances for long 
antennas in air is shown in figures 4a, b where the 
electrical length is extended to /3A—100. For the 
range 0/i<4.O the impedances determined from the 
King-Middle ton [King, 1956] theory are shown 
since they are more accurate in this range than the 
Wu theory [Wu, 1961] which, in turn, is more ac- 
curate for longer antennas. Note that for dipoles 
in air A=l, so that the normalized and actual 
impedances coincide. 

The graphs for the impedance of a dipole in air 
in figures 1, 2, and 3 (a = 0) and in figures 4a, b 
show that the oscillations in both R and X, with 
increasing values of electrical length /3A, decrease 
only very slowly in amplitude for any given a/\. 
The limiting values of the admittance, as the length 
of the antenna approaches infinity at a fixed fre- 
quency co, are given by [King and Schmitt, 1962] 
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where f = 1207r ohms. Approximate expressions 
when ka^^wa/X are sufficiently small so that 
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is satisfied are given by the leading terms in (24) 
and (25) . They are 



G= 



foQo' 
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This formula for the conductance is essentially the 
same as that derived by Papas [1958]. The limiting 
value of the impedance corresponding to the ad- 
mittance defined by (27) is 



7T I 



(28) 



so that 



R±k [in /M_o.5772~l (29) 

7r L \^7ra/ J 



X=-^=-607rohms. 



4. Conclusion 



(30) 



In conclusion it may be stated that accurate 
quantitative data have been provided for the im- 
pedance of bare cylindrical antennas over a very 
wide range of lengths when immersed in an arbitrary 
homogeneous and isotropic medium. Although 
computed specifically for a delta-function generator 
at the center of a dipole, the results are readily 
applied to antennas center driven from a two-wire 
line [King, 1955, 1956; Iizuka and King, 1962] or a 
monopole base driven over a ground screen by means 
of a coaxial line [King, 1955a, b, and 1956] if proper 
corrections are made for the differences in the 
terminal zones. 



This paper was prepared at Harvard University 
by Dilla W. Gooch, R. W. P. King, and T. T. Wu. 
The computations upon which the graphical repre- 
sentations are based were carried out at the Sandia 
Corporation under the direction of C. W. Harrison, 
Jr. 
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Fig. 4a. Resistance and reactance of cylindrical antenna. 
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Fig. 41). Resistance and reactance of long cylindrical antenna, Wu theory. 

a/X =0.001191 (A), 0.003175(1)), 0.008496(11) 
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